We investigate the Lorentz transformation of the reduced helicity density matrix for a pair of massive spin 1 2 particles. The corresponding Wootters concurrence shows no invariant meaning, which implies that we can generate helicity entanglement simply by the transformation from one reference frame to another. The difference between the helicity and spin case is also discussed.
As a central concept, quantum entanglement is the major resource in quantum information science such as quantum teleportation and quantum computation [1] . Therefore in quantum information science, one of the most critical issues is how to generate quantum entanglement. In general, quantum entangled states are prepared through some kinds of dynamical processes. However, it is recently shown in the domain of relativistic quantum information that quantum entanglement has somewhat observer dependent property [2] . Speaking specifically, for a single free massive spin 1 2 particle, the spin entropy, measurement of entanglement between spin and momentum degrees of freedom, has no invariant meaning under the transformation of inertial reference frames [3] . In particular, even though the initial state is a direct product of a function of momentum and a function of spin, the Lorentz transformed state is not a direct product, which means that spin and momentum appear to be entangled. Nonetheless, this is not the familiar type of entanglement available for quantum communication, because both degrees of freedom belong to the same particle, rather than to the distinct subsystems that could be widely separated. Based on this observation, Gingrich and Adami have investigated the Lorentz transformation properties of entanglement between a pair of massive spin 1 2 particles [4] . As a result, while the entanglement of the two particles' entire wave function, i.e., both momentum and spin included, is Lorentz invariant, their spin or momentum entanglement may change due to Lorentz transformation. Thus in some sense only by transforming one reference frame to another does relativity provide a brand new alternative road to create quantum entanglement, which could be used for entanglement manipulation.
As inferred above, in relativistic quantum information, previous investigations focus primarily on the spin relevant entanglement [5, 6, 7, 8, 9, 10, 11] . But it is the helicity rather than spin that is more often under both theoretical consideration and experimental detection in high energy physics, because the helicity has an advantage in providing a smooth transition to the massless case. Although both the helicity states and spin states can constitute the basis of Hilbert space of one particle, they differ in the way of unitary transformation under the action of Lorentz group [12] . As analyzed most recently for a single free massive spin 1 2 particle, the entanglement properties for helicity differ remarkably from those for spin after we trace out the momentum degree of freedom under Lorentz transformation [13] . Nevertheless, obviously it is more intriguing and significant to investigate the Lorentz transformation properties for helicity entanglement between a pair of massive spin 1 2 particles, which is just what we shall report in this paper.
Given a field with mass m and spin 1 2 , we can also construct the helicity states |p; λ as a complete orthonormal basis for Hilbert space of one particle. Associated with a Lorentz transformation Λ the unitary operator U (Λ) acting on these helicity states gives [12] 
Here R(p) is the rotation that carries the z axis into the direction p, B(p) is the boost from rest to the momentum |p| in the z direction, and L(p) is the pure boost from rest to the momentum p. Obviously, L −1 (Λp)ΛL(p) is just Wigner rotation, usually denoted by W (Λ, p). In addition, D is the spin 1 2 irreducible unitary representation of Lorentz group. Note that these helicity states differ in way of unitary transformation from spin states under the action of Lorentz group, since under Lorentz transformations spin states change accord-ing to Wigner rotation, which is related to Z(Λ, p) as
. Thus a pure state for two massive spin 1 2 particles can be expanded in terms of the helicity states as
with the normalized condition
Then the corresponding reduced helicity density matrix can be obtained by tracing out the momentum degrees of freedom, i.e.,
where we have employed the orthonormal relation for the helicity states.
The entanglement between the helicity degrees of freedom can be quantified by calculating Wootters concurrence [14] 
where {k 1 ≥ k 2 ≥ k 3 ≥ k 4 } are the square roots of the eigenvalues of the matrix ρρ with the time reversed matrix
(6) Note that under a Lorentz transformation Λ the two particle state changes as follows
Accordingly one can obtain the transformed reduced helicity density matrix as
By Eq.(1), D[Z(Λ, p)] is always an identity matrix if Λ is a purely spacial rotation transformation, which means that the reduced helicity matrix is completely the same among those inertial observers without relative motion but with different identification of spacial direction. This property stems essentially from the fact that the helicity
|p| remains invariant under a purely spacial rotation transformation, where S denotes the spin [15] . Note that any Lorentz transformation can always be decomposed into the product of a pure boost and a pure rotation. We thus shall concentrate on what happens to the reduced helicity matrix and the corresponding Wootters concurrence when Λ is a pure boost transformation. Furthermore, the pure boost transformations are similarly equivalent with one another by rotations, which means the reduced helicity density matrix only depends on the speed of relative motion between the inertial observers. Therefore we shall only need to consider the pure boost transformations along the z axis.
In the special case mentioned above, set 
where α and β satisfy cosh α = cosh η cosh τ + sinh η sinh τ cos θ, α ≥ 0, (12) and cos β = sinh η cosh τ + cosh η sinh τ cos θ sinh 2 τ sin 2 θ + (sinh η cosh τ + cosh η sinh τ cos θ) 2 (13) with π ≥ β ≥ 0, respectively.
For simplicity but without loss of generalization, choose in particular the initial normalized state with the nonvanishing component as follows
where the momentum distribution function f is taken as a Gaussian. i.e., with the distribution width ε. It is obvious that this initial state is an unentangled helicity state, and its Wootters concurrence vanishes. However, with respect to the moving inertial observers, the corresponding concurrence is greater than zero in general, which is carried out by numerical calculations and is specifically illustrated in Fig.1 .
As shown in Fig.1 , with the speed of the inertial observers increasing, the variation behavior of the corresponding concurrence is dependent upon the width-mass ratio ε m . In particular, for the large width-mass ratio limiting case, the resultant concurrence varies pretty slightly and remains nearly invariant. On the other hand, for the limiting case of sharp momenta which corresponds to the small width-mass ratio, the concurrence blows up from zero and rapidly saturates. Speaking specifically, it arrives at a constant value at small velocities of the observers, and then remains nearly invariant regardless of the increase of speed of the observers. So, if we restrict ourselves to helicity measurements in this case, an observer in the original inertial reference frame cannot use quantum entanglement as a resource while the moving observers can, simply with small velocities. This is remarkably different from the spin case, since the concurrence for spin always remains invariant in the limit of sharp momenta [4, 5, 6] .
The crucial physics underlying this behavior lies in the following fact: With the smaller width-mass ratio ε m , i.e., sharper momentum distribution, the helicity of the prepared particles becomes more sensitive to Lorentz boost, due to the concentration of its momentum in a smaller neighborhood around zero. To put it another way, for the case of smaller width-mass ratio, the smaller speed of observers is needed to make the flip of helicity from right to left saturate such that the corresponding concurrence approaches the saturated value.
In summary, the transformation of the reduced helicity density matrix under Lorentz group is investigated for a pair of massive spin 1 2 particles. Especially, we have calculated the corresponding Wootters concurrence for an initial unentangled helicity state by numerical computation. Our results show that the corresponding concurrence is not a Lorentz invariant scalar, which thus opens a new alternative way to generate quantum entanglement between helicity degrees of freedom. In addition, as the speed of the inertial observers increases, the specific variation of concurrence for the helicity demonstrates a distinct behavior from the spin case, which essentially originates from the fact that the helicity states differ significantly from the spin states in the transformation property under Lorentz boost, as pointed out in the beginning.
